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Goals of this Lecture
✤ Very	
  brief	
  introducing	
  to	
  molecular	
  dynamics	
  simulations	
  

✤ Simulate	
  quantum	
  particles	
  with	
  classical	
  mechanics	
  through	
  
path	
  integral	
  formulation	
  of	
  quantum	
  mechanics	
  

✤ Convince	
  you	
  that	
  this	
  is	
  a	
  useful	
  technique	
  (examples)	
  

✤ Enable	
  you	
  to	
  use	
  these	
  approaches	
  if/when	
  you	
  need	
  to	
  
account	
  for	
  quantum	
  effects



What do we want to do?
✤ Statistics	
  of	
  quantum	
  processes	
  ((luctuations)	
  

✤ Free	
  energies	
  
✤ Rate	
  constants	
  
✤ Structure	
  and	
  dynamics	
  of	
  quantal	
  systems
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✤ How???	
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Computer Simulations
✤ Goal:	
  Generate	
  samples	
  consistent	
  with	
  statistical	
  mechanics

Pn =
e��"n

Q(�)
� = 1/(kBT )

Q =
X

n

e��"n✤ Partition	
  Function:



Molecular Dynamics Simulations
✤ Evolve	
  the	
  system	
  according	
  to	
  dynamical	
  rules	
  (F=ma)	
  

✤ Deterministic	
  (Newtonian,	
  etc.)	
  or	
  Stochastic	
  (Langevin)	
  



Molecular Dynamics Simulations
✤ Evolve	
  the	
  system	
  according	
  to	
  dynamical	
  rules	
  

✤ Deterministic	
  (Newtonian,	
  etc.)	
  or	
  Stochastic	
  (Langevin)	
  
✤ Work	
  under	
  assumption	
  of	
  ergodicity

✤ Ergodic	
  hypothesis	
  allows	
  us	
  to	
  write	
  ensemble	
  average	
  
as	
  time	
  average	
  (at	
  long	
  times)

✤ This	
  is	
  how	
  we	
  compute	
  averages	
  in	
  simulation

hO(�)i =
R
d�O(�)e��H(�)

Q

hO(�)i ⇡ lim
⌧!1

Z ⌧

0
O(�(t))dt



Molecular Dynamics Simulations
✤ Evolve	
  the	
  system	
  according	
  to	
  dynamical	
  rules	
  
✤ F=ma

F (ri) = �rV (ri)

✤ Where	
  to	
  get	
  the	
  potential?	
  
✤ Quantum	
  mechanics	
  (DFT,	
  …)	
  
✤ Empirical	
  functions

Lennard-
Jones

uLJ(r) = 4"

⇣�
r

⌘12
�

⇣�
r

⌘6
�

v(r) =
q1q2
"r

Coulomb



Why Empirical Potentials?

http://www.kochmann.caltech.edu/research_QC.html

http://www.kochmann.caltech.edu/research_QC.html


Why Empirical Potentials?

http://www.kochmann.caltech.edu/research_QC.html

What if we want QM
at this level???

http://www.kochmann.caltech.edu/research_QC.html


How to study quantum particles?
✤ Consider	
  a	
  single	
  electron:

H =
p2

2m
+ V (r)

Q =
X

n

e��"n

H n = "n n

✤ Partition	
  Function:



How to study quantum particles?
✤ Consider	
  a	
  single	
  electron:

H =
p2

2m
+ V (r)

Q =
X

n

e��"n

H n = "n n

✤ Partition	
  Function:

✤ How	
  can	
  we	
  make	
  progress?



Spatial Representation
✤ 	
   n(r) = hn|ri

Q =

Z
dr

X

n

hr|ni e��"n hn|ri
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Spatial Representation
✤ 	
   n(r) = hn|ri

Q =

Z
dr

X

n

hr|ni e��"n hn|ri

Q =

Z
dr
⌦
r|e��H|r

↵
= Tr

�
e��H 

✤ Thermal	
  density	
  matrix Q =

Z
dr⇢(r, r;�H)Q =

Z
dr⇢(r, r;�H)



Dynamical Interpretation
✤ How	
  to	
  interpret?

Q =

Z
dr
⌦
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↵
= Tr

�
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  Schrodinger	
  equation	
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Dynamical Interpretation
✤ How	
  to	
  interpret?

Q =

Z
dr
⌦
r|e��H|r

↵
= Tr

�
e��H 

✤ Consider	
  time-­‐dependent	
  Schrodinger	
  equation	
  

i~@ 
@t

= H  (t) = e�iHt/~ (0)

✤ Partition	
  function	
  is	
  overlap	
  of	
  initial	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  propagation	
  
of	
  that	
  state	
  to	
  imaginary	
  time	
  

Q =

Z
dr
⌦
r|e��H|r

↵
= Tr

�
e��H 

�i�~

✤ How	
  can	
  we	
  use	
  this?



Dividing Q into time slices
✤ Slice	
  “time”	
  into	
  P	
  increments	
  (cyclic	
  boundary:	
  P+1=1)

Q =

Z
dr

⌦
r|e��H|r

↵

= lim
P!1

Z
dr(1)dr(2)dr(3) · · · dr(P )

D
r(1)|e�

�
P H|r(2)

ED
r(2)|e�

�
P H|r(3)

E
· · ·

D
r(P )|e�

�
P H|r(1)

E



Dividing Q into time slices
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Q = lim

P!1

✓
mP

2⇡~2�

◆3P/2 Z
dr(1) · · · dr(P )

exp

(
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PX
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  “time”	
  into	
  P	
  increments	
  (cyclic	
  boundary:	
  P+1=1)



Dividing Q into time slices
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dr
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k =
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~2�2
✤ Harmonic	
  bonds	
  with	
  spring	
  constant:	
  

✤ Potential	
  distributed	
  equally	
  among	
  beads

✤ Partition	
  function	
  for	
  a	
  cyclic,	
  classical	
  ring	
  polymer

✤ Slice	
  “time”	
  into	
  P	
  increments	
  (cyclic	
  boundary:	
  P+1=1)



Partition function is a Path Integral
Q =

Z
Dr(t)eS[r(t)]

✤ Partition	
  function	
  has	
  form:



Partition function is a Path Integral
Q =

Z
Dr(t)eS[r(t)]

S [r(t)] = �
Z �~

0

dt

~

⇢
1

2
m|ṙ(t)|2 + V [r(t)]

�

t $ �~↵
P

ṙ(t) = lim
P!1

h
r(↵+1) � r(↵)

i
/(�~/P )

✤ A	
  single	
  con8iguration	
  of	
  the	
  ring	
  polymer	
  =	
  speci8ic	
  
quantum	
  path	
  of	
  the	
  electron

✤ Partition	
  function	
  has	
  form:

✤ “Action”:



So what have we accomplished?
✤ Quantized	
  electron	
  is	
  isomorphic	
  to	
  classical	
  ring	
  polymer

✤ Quantum	
  stat	
  mech	
  from	
  classical	
  simulations!

Chandler	
  &	
  Wolynes,	
  J.	
  Chem.	
  Phys.	
  74,	
  4078	
  (1981)	
  



What do we still need?
✤ Interactions:	
  electron-­‐bath	
  pseudopotentials

F (ri) = �rV (ri)



What do we still need?
✤ Interactions:	
  electron-­‐bath	
  pseudopotentials

F (ri) = �rV (ri)

e-­‐-­‐He

e-­‐-­‐Xe

e-­‐-­‐Water

Schnitker	
  &	
  Rossky,	
  J.	
  Chem.	
  Phys.	
  86,	
  3462	
  (1987)	
  Coker,	
  Berne,	
  &	
  Thirumalai,	
  J.	
  Chem.	
  Phys.	
  86,	
  5689	
  (1987)	
  



Example: Excess Electron in Liquid He
✤ Classical	
  Helium,	
  Quantized	
  electron	
  
✤ e-­‐-­‐He	
  pseudopotential	
  from	
  quantum	
  (scattering)	
  calculations

✤ Interested	
  in	
  electron	
  “size”	
  and	
  nature	
  of	
  diffusion	
  as	
  density	
  
of	
  solvent	
  (disorder)	
  is	
  varied
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Example: Excess Electron in Liquid He
✤ Classical	
  Helium,	
  Quantized	
  electron	
  
✤ e-­‐-­‐He	
  pseudopotential	
  from	
  quantum	
  (scattering)	
  calculations

✤ Interested	
  in	
  electron	
  “size”	
  and	
  nature	
  of	
  diffusion	
  as	
  density	
  
of	
  solvent	
  (disorder)	
  is	
  varied
high disorder low disorder ⇢ = 0.9⇢ = 0.9



Quantifying Localization of Electron
✤ Quantifying	
  the	
  “size”	
  of	
  the	
  electron

R2(⌧ � ⌧ 0) =
⌦
|r(⌧)� r(⌧ 0)|2

↵
R2

free(⌧ � ⌧ 0) = 3�2

✓
⌧

�~

◆✓
1� ⌧

�~

◆



Quantifying Localization of Electron
✤ Quantifying	
  the	
  “size”	
  of	
  the	
  electron

density

R2(⌧ � ⌧ 0) =
⌦
|r(⌧)� r(⌧ 0)|2

↵
R2

free(⌧ � ⌧ 0) = 3�2

✓
⌧

�~

◆✓
1� ⌧

�~

◆

0

1/2



Can Simulate Electrons in Large Systems

✤ Polaron	
  structure/dynamics	
  in	
  organic	
  semiconductor



Modeling Electron Transfer: Iron self-exchange
✤ Fe2+	
  -­‐	
  Fe3+	
  electron	
  transfer	
  reaction	
  

✤ Most	
  heavily	
  studied	
  system	
  by	
  simulation

✤ First,	
  how	
  to	
  model	
  a	
  single	
  ion?	
  Then	
  pair…

Fe2+ + Fe3+ ! Fe3+ + Fe2+

Kuharski,	
  Bader,	
  Chandler,	
  Sprik,	
  Klein,	
  &	
  Impey,	
  J.	
  Chem.	
  Phys.	
  89,	
  3248	
  (1988)	
  



Modeling Fe3+

✤ Fe3+	
  completely	
  classical	
  (empirical)

1.98 Å

Exp: 1.98 Å

VFe3+�H2O =
A

|r� r(O)
1 |9

+ 3e
X

�

q�

|r� r(�)1 |



Modeling Fe2+
✤ Fe3+	
  +	
  path	
  integral	
  electron	
  or	
  completely	
  classical?



Modeling Fe2+
✤ Fe3+	
  +	
  path	
  integral	
  electron	
  or	
  completely	
  classical?

2.08 Å

Exp: 2.10 Å

✤ Same	
  Structure!

✤ Why?



Electron is completely inside the ion core!
…on	
  average

R(⌧)
✤ Treat	
  both	
  ions	
  as	
  
point	
  charges	
  inside	
  
repulsive	
  cores!

✤ Electron	
  transfer	
  is	
  
analogous	
  to	
  changing	
  
magnitude	
  of	
  point	
  
charges!!!

✤ “Tight-­‐binding”	
  
approximation



Electron Transfer Free Energies
✤ What	
  is	
  the	
  order	
  parameter	
  for	
  this	
  reaction?	
  	
  

…	
  what	
  is	
  ∆G	
  a	
  function	
  of?	
  What	
  governs	
  this	
  reaction?

✤ Solvent	
  Fluctuations



Solvent-Based Reaction Coordinate

�U(�) =
NX

i=1


qi

|r2 � ri|
� qi

|r1 � ri|

�
✤ Difference	
  in	
  electrostatic	
  potentials	
  at	
  the	
  center	
  of	
  each	
  ion

✤ Compute	
  free	
  energy	
  as	
  a	
  function	
  of	
  ∆U
✤ Need	
  non-­‐Boltzmann	
  sampling	
  (e.g.	
  umbrella	
  sampling…)



Free Energies are Independent of Electron Quantization

✤ Diabatic	
  representation,	
  what	
  about	
  adiabatic?



Adiabatic Representation from Diabatic States

H =

✓H0 �01

�01 H1

◆

Gad(�E) = G0(�E) +
1

2

h
�e±

�
�e2 + 4�2

01

�1/2i

✤ Diagonalize	
  the	
  2x2	
  
Hamiltonian

✤ Solutions	
  recast	
  
into	
  form	
  of	
  free	
  
energies:

Gad(�E) = G0(�E) +
1

2

h
�e±

�
�e2 + 4�2

01

�1/2i

�e ⌘ �E ��E‡

✤ Same	
  qualitative	
  
picture	
  as	
  diabats



Free Energies are Independent of Electron Quantization

✤ What	
  about	
  reaction	
  rates???



Transition State Theory
✤ Rates	
  are	
  related	
  to	
  barriers	
  and	
  well	
  curvature

kTST =
!R

2⇡
e���G‡

!2
R =

D
�U̇2

E

h(�U � h�Ui)2i
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Transition State Theory
✤ Rates	
  are	
  related	
  to	
  barriers	
  and	
  well	
  curvature

✤ Omits	
  dynamics	
  of	
  barrier	
  recrossing,	
  but	
  can	
  correct	
  with	
  
reactive	
  mlux	
  formalism…

kTST =
!R

2⇡
e���G‡

!2
R =

D
�U̇2

E

h(�U � h�Ui)2i

Rates	
  are	
  independent	
  of	
  e-­‐	
  quantization!



When else can we use this?
✤ Nuclear	
  Quantum	
  Effects	
  

• Quantum	
  effects	
  are	
  important	
  for	
  light	
  nuclei	
  even	
  at	
  room	
  temperature

✤ Hydrogen	
  (or	
  D)	
  atoms	
  in	
  water

✤ Do	
  NQEs	
  impact	
  anything	
  relevant?



Nuclear Quantum Effects on Water Structure

Morrone	
  &	
  Car,	
  Phys.	
  Rev.	
  Lett.	
  101,	
  017801	
  (2008)	
  Chen,	
  Yvanov,	
  Klein,	
  &	
  Parrinello,	
  Phys.	
  Rev.	
  Lett.	
  91,	
  215503	
  (2003)	
  

✤ NQEs	
  impact	
  water	
  structure	
  

✤ Also	
  inmluence	
  dynamics	
  (faster	
  diffusion,	
  etc.)	
  
-­‐	
  NQEs	
  in	
  ET	
  impact	
  ∆G	
  more	
  than	
  electron	
  quantization



Nuclear Quantum Effects on Water Structure



Path Integral Simulations with i-PI

https://github.com/i-­‐pi/i-­‐pi

✤ Patch	
  for:	
  LAMMPS,	
  Quantum-­‐Espresso,	
  &	
  CP2K



Frontiers in PIMD
✤ Quantum	
  dynamics	
  methods:	
  PIMD/RPMD	
  is	
  not	
  exact
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Frontiers in PIMD
✤ Non-­‐adiabatic	
  dynamics	
  and	
  excited	
  states

Non-adiabatic

PIMD
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  dynamics	
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  states

Non-adiabatic

PIMD



Frontiers in PIMD
✤ Thermostatting	
  (colored	
  noise)

✤ Quantum-­‐based	
  enhanced	
  sampling	
  techniques

✤ Ring-­‐Polymer	
  Contraction

✤ And	
  more…



Relation to CCDM
✤ Proton-­‐Coupled	
  Electron	
  Transfer	
  in	
  Water	
  Splitting

✤ Layered	
  organic-­‐inorganic	
  hybrids

✤ Quantum	
  effects	
  at	
  large	
  length	
  and	
  time	
  scales



Goals of this Lecture

✤ Introduction	
  to	
  molecular	
  dynamics	
  simulations	
  

✤ Quantum	
  particles	
  can	
  be	
  simulated	
  using	
  classical	
  mechanics	
  
through	
  path	
  integral	
  formulation	
  	
  

✤ Useful	
  in	
  a	
  wide	
  variety	
  of	
  processes	
  

✤ Can	
  use	
  these	
  approaches	
  easily	
  with	
  i-­‐PI	
  package
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