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An efficient method for calculating excitation energies based on the particle-particle random phase
approximation (ppRPA) is presented. Neglecting the contributions from the high-lying virtual states
and the low-lying core states leads to the significantly smaller active-space ppRPA matrix while
keeping the error to within 0.05 eV from the corresponding full ppRPA excitation energies. The
resulting computational cost is significantly reduced and becomes less than the construction of the
non-local Fock exchange potential matrix in the self-consistent-field (SCF) procedure. With only a
modest number of active orbitals, the original ppRPA singlet-triplet (ST) gaps as well as the low-lying
single and double excitation energies can be accurately reproduced at much reduced computational
costs, up to 100 times faster than the iterative Davidson diagonalization of the original full ppRPA
matrix. For high-lying Rydberg excitations where the Davidson algorithm fails, the computational
savings of active-space ppRPA with respect to the direct diagonalization is even more dramatic.
The virtues of the underlying full ppRPA combined with the significantly lower computational
cost of the active-space approach will significantly expand the applicability of the ppRPA method
to calculate excitation energies at a cost of O(K4), with a prefactor much smaller than a single
SCF Hartree-Fock (HF)/hybrid functional calculation, thus opening up new possibilities for the
quantum mechanical study of excited state electronic structure of large systems. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4964501]

I. INTRODUCTION

The advancement of modern electronic structure theory
contributes to many areas of science and technology.
Energetics and properties of molecules and materials can
be predicted from first principles by solving the quantum
mechanical equations with reasonable and feasible approxi-
mations. Large numbers of electronic structure calculations are
performed routinely worldwide. Among the most significant
developments of modern electronic structure theories is the
establishment of density functional theory (DFT) in the mid-
1960s,1,2 whose applications in chemistry surged significantly
in the 1980s to 1990s accompanied by the development of the
generalized gradient approximations (GGAs)3–7 and hybrid
functionals.8 Unlike the ab initio wave function theory (WFT)
in which the many-body wave function is the basic variable,
DFT uses the electron density as the basic variable and
models the many-electron effects with approximate exchange
and correlation density functionals, thus significantly reducing
the computational cost.

The description of electronic ground states by DFT
is made possible by the use of approximate exchange-
correlation (xc) density functionals. Exact conditions can be
imposed upon density functional approximations to achieve
certain behavior of the exact density functional. This has led

a)Electronic mail: weitao.yang@duke.edu

to the design of functionals such as PBE and more recently
the SCAN meta-GGA.9 Among the many conditions which
the exact functional must satisfy are the linearity condition of
the fractional charge10,11 and the constancy condition of the
fractional spin,11,12 and the more general flat plane condition
accounting for the charge delocalization/localization and the
static correlation error.13,14 One of the significant steps forward
is the particle-particle random phase approximation (ppRPA)
functional, which is the first known density functional
approximation to satisfy the flat plane condition.15–17

Meanwhile, a local scaling correction has also been developed
to restore the linearity condition of the fractional charge,
which is essential in reducing the delocalization error,
addressing the description of correct dissociation behavior
of H+2 and LiF18 and many other challenges. The extensive
application of DFT to electronic excited states has been made
possible through the time-dependent (TD) formulation.19

TDDFT excited state calculations have been routinely
performed within the linear response regime and the adiabatic
approximation. Nevertheless, there are still many challenges
faced by the adiabatic TDDFT associated with double and
higher excitations, singlet-to-triplet instability, charge transfer
(CT) excitations, and singlet-triplet (ST) gaps of diradicals.
Effort has been made with alternative approaches to tackle
these issues, including the design of frequency-dependent xc
kernels20–24 for double excitations, the adoption of range-
separated functionals25,26 for CT excitations, and the spin-flip
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(SF) technique27–32 and the (variational) fraction-spin DFT33,34

scheme for diradicals.
In addition to providing a correlation energy functional,

the ppRPA equation also provides information about the
excited states of adding or removing two electrons. The
ppRPA equation can be derived by applying a time-dependent
pairing field perturbation on the pairing density matrix, in a
similar way to the conventional particle-hole TDDFT.35 By
starting from an (N − 2)-electron system, the ppRPA equation
provides the energies of the ground state and excited states
of the N-electron system, and thus the associated neutral
excitation energies.36 As an alternative to the TDDFT, the
ppRPA outperforms the former in many aspects and addresses
the many long-standing challenges such as double excitations,
CT and Rydberg excitations,36 low-lying single excitations,37

and ST gaps.38 It has also been applied to explore the excited
state geometries and potential energy surfaces,39 the ground
state and excited states of higher acenes,40 and the description
of conical intersections.41 With the Davidson algorithm,42,43

the computational scaling of the ppRPA became the same as
the TDDFT but with a larger prefactor.37

Aiming to take advantage of the many desirable properties
of the ppRPA for the treatment of larger systems, we
develop a computational approach that further speeds up the
ppRPA calculation of excitation energies such that it becomes
much less expensive than the self-consistent field (SCF)
Hartree-Fock (HF)/hybrid functional calculation. This is based
on a systematic selection of an active orbital subspace for
the pairing matrix fluctuation. The construction and the
diagonalization of the resulting active-space ppRPA matrix
become significantly less expensive. Tests of the convergence
behavior of excitation energies with respect to the size of the
active subspace for different types of excited states and for a
wide range of systems demonstrate the validity and promise
of the approach.

II. METHODOLOGY

A. Excitation energies from the ppRPA

Multiple approaches have been employed to derive the
ppRPA equation. To make a better connection with the
linear-response (LR) TDDFT, the time-dependent perturbation
theory (TDPT) approach35 is reviewed. Similar to the particle-
hole channel, where the basic variable is the Kohn-Sham (KS)
density matrix,

ρs(x,x′) = ⟨Φs |ψ̂†(x′)ψ̂(x)|Φs⟩, (1)

we define the anomalous density matrix/pairing density matrix
of the KS system,

κs(x,x′) = ⟨Φs |ψ̂(x′)ψ̂(x)|Φs⟩, (2)

where x and x′ stand for the joint space-spin variable
rσ, Φs for the wave function, and ψ̂†/ψ̂ for the
particle creation/annihilation operator. For a normal system,
this quantity is zero. However, when the system is
perturbed by a time-dependent external pairing potential
1
2


dx


dx′ψ̂†(x′)gext(x′,x; t)ψ̂†(x) + c.c., the pairing density

matrix fluctuation δκs(x,x′; t) will not be zero. Similarly to

the LR-TDDFT case, here we perform a Fourier transform to
the frequency domain. The ppRPA equation can then obtained
as follows:



A B
BT C





XN±2,n

YN±2,n


= ω±2e

n



XN±2,n

−YN±2,n


. (3)

The eigenvalues and eigenvectors correspond to the double
electron addition/removal resonance frequencies and the
corresponding resonance pairing density fluctuation modes.
The matrix elements are given by

Aab,a′b′ = (ϵa + ϵb) δaa′δbb′ + ⟨ab∥a′b′⟩, (4)
Bab, i′j′ = ⟨ab∥i′ j ′⟩, (5)

Ci j, i′j′ = −
�
ϵ i + ϵ j

�
δii′δ j j′ + ⟨i j∥i′ j ′⟩, (6)

where the indices a, b, a′, and b′ stand for the virtual orbitals,
i, j, i′ and j ′ for the occupied orbitals, and ϵ’s for the
orbital energies, and where we also applied the restrictions
a ≤ b, a′ ≤ b′, i ≤ j, and i′ ≤ j’. We also used the physicist’s
notation for the two-electron integrals,

⟨pq∥rs⟩ = ⟨pq|rs⟩ − ⟨pq|sr⟩, (7)

where

⟨pq|rs⟩ =


dx1


dx2φ

∗
p(x1)φ∗q(x2) 1

|r1 − r2| φr(x1)φs(x2).
(8)

The two-electron integral contribution comes from the second
functional derivative of the anomalous-Hartree/Bogoliubov
term with respect to the pairing density matrix

δ2EB[κs]
δκ∗s(x1,x2)δκs(x1,x2) , (9)

where

EB[κs] = 1
2


dxdx′

κ∗s(x,x′)κs(x,x′)
|r − r′| , (10)

and r and r′ stand for the spatial coordinates. Solving
the ppRPA matrix equation (3) leads to the two-particle
(2p) or two-hole (2h) excitations and their corresponding
eigenvectors. Specifically, with a ppRPA procedure based on
the DFT calculation of an N-particle system, the ground-state
and excited-state information of the (N ± 2)-particle system
will be accessible.

Now if we perform a DFT calculation for the (N − 2)-
particle system, then the ppRPA calculation will yield the
ground state and excited states of the N-particle system. The
total energy of the nth state of the N-particle system is thus
given by

EN
n = EN−2

n (DFT) + ω+2e
n . (11)

This formula can be viewed as a Fock space embedding
scheme which seamlessly combines the many-body descrip-
tion of the 2-electron subsystem with the DFT description
of the remaining (N − 2) electrons. The neutral excitation
energies of the N-particle system can then be calculated
simply by taking the differences of the double electron addition
energies associated with the N-particle excited states and the
ground state. Note that the N-electron ground state is treated
on the same footing as excited states.
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B. The motivation and ansatz behind
the active-space ppRPA

In the conventional TDDFT equation, the eigenvectors
represent the resonance modes of the KS 1-RDM associated
with a resonance frequency ωN

n ,

δρs(x,x′;ωN
n ) =


ai

(
XN,n
ai φa(x)φ∗i(x′) + Y N,n

ai φi(x)φ∗a(x′)
)
,

(12)

where

XN,n
ai = ⟨ΨN

0 |âiâ†a |ΨN
n ⟩, (13)

Y N,n
ai = ⟨ΨN

0 |âaâ†i |ΨN
n ⟩, (14)

in which â and â† are particle annihilation and creation
operator in the orbital space. The index a stands for virtual
orbitals and i for occupied orbitals. In the ppRPA approach,
the two electron addition eigenvectors represent the resonance
modes of the pairing density matrix associated with a
resonance frequency ωN+2

n ,

δκs(x,x′;ωN+2
n ) =


a<b

XN+2,n
ab

φa(x)φb(x′)

+

i< j

Y N+2,n
i j φi(x)φ j(x′), (15)

where we used the antisymmetry of the pairing matrix κs when
imposing the restricted summation, and where we defined

XN+2,n
ab

= ⟨ΨN
0 |âbâa |ΨN+2

n ⟩, (16)

Y N+2,n
i j = ⟨ΨN

0 |â j âi |ΨN+2
n ⟩. (17)

Notice that the dimension of the ppRPA matrix is equal to
1
2 Nvir (Nvir − 1) + 1

2 Nocc (Nocc − 1), which is generally larger
than the dimension of the TDDFT matrix 2NvirNocc, since in
most cases the number of virtual orbitals Nvir is larger than the
number of occupied orbitals Nocc. Now if the double electron
addition state of interest is a ground state or a low-lying
singly/doubly excited state (or even a high-lying singly excited
state, which is relevant for the study of Rydberg excitations),
the contributions to δκs from two high-lying virtual orbitals
and two low-lying core occupied orbitals are expected to be
rather small, as numerically illustrated from the results of
the O2 molecule (Section I of supplementary material). We
can approximate the resonance modes by choosing a set of
frontier virtual and occupied orbitals to form an active orbital
subspace,

δκs(x,x′;ωN+2
n ) ≃


A<b

XN+2,n
Ab

φA(x)φb(x′)

+

i<J

Y N+2,n
iJ φi(x)φJ(x′), (18)

where A and J represent active virtual and occupied orbitals
respectively, and b and i represent virtual and occupied orbitals
in general. The selection of active orbitals is based on their
corresponding orbital energies: a predetermined number of
frontier orbitals near the HOMO and the LUMO are selected
to form the active orbital space. Thus, in this approximation
only the low-lying double excitations within the active space
plus all the single excitations are considered for the double-
electron-added state. The computational saving, however, is

significant, because the dimension of the ppRPA matrix is
now reduced to
nvir,act (nvir,act + 1)

2
+ nvir,act (Nvir − nvir,act)

+
nocc,act (nocc,act + 1)

2
+ nocc,act (Nocc − nocc,act) , (19)

where nvir,act/nocc,act stands for the pre-selected number
of active virtual/occupied molecular orbitals {φA}/{φJ}
referenced above, and Nvir/Nocc for the total number of
virtual/occupied molecular orbitals. The cost of diagonalizing
this smaller ppRPA matrix is only O(K3), where K is the total
number of atomic orbitals. In our current implementation,
the computational bottleneck is the first step of the
two-electron integral transformation. This step is O(K4).
Nevertheless, formally speaking it is not more costly than
constructing the non-local exchange potential part of the
Fock matrix. Distance-based AO screening, as adopted in
the SCF procedure of many commercial electronic structure
computational packages, can be expected to further reduce the
computational scaling.

III. COMPUTATIONAL DETAILS

The ppRPA and the associated active-space approach
have been implemented in the QM4D quantum chemistry
package.44 We used the following basis sets: the aug-cc-
pVDZ basis set45 for the diatomics, diradicals, heterocycles
and conjugated alkenes, the triply augmented cc-pVTZ basis
set46 for N2 and CO, the extensive even-tempered basis set47

for the Be, Mg, and Ca atoms, the cc-pVQZ basis set48 for BH
and CH+, and the cc-pVDZ48 basis set for acenes. The DFT
references for the ppRPA calculations are specified for each
system individually in Sec. IV.

The adiabatic ST gaps for the N-particle system EN
ga were

calculated with the following equation:38

EN
ga = EN

S,Sgeo − EN
T ,Tgeo = EN

gv,Sgeo +
(
EN
T ,Sgeo − EN

T ,Tgeo

)
. (20)

The following definitions were used in the equation above:
EN
S,Sgeo stands for the total energy of the singlet state evaluated

at the singlet geometry, EN
T ,Sgeo for the triplet state total

energy evaluated at the singlet geometry, EN
T ,Tgeo for the

triplet state total energy evaluated at the triplet geometry, and
finally EN

gv,Sgeo for the vertical singlet-triplet gap at the singlet
geometry, defined as follows:

EN
gv,Sgeo = EN

S,Sgeo − EN
T ,Sgeo. (21)

The molecular structures were taken from Refs. 36–38.

IV. RESULTS AND DISCUSSION

A. Convergence of excitation energies and ST gaps
with respect to the number of active orbitals

We begin by establishing the convergence behavior of
the active-space ppRPA excitation energies toward the full
ppRPA excitation energies with respect to the number of
active orbitals. We have examined a relatively wide variety of
systems ranging from atoms, diatomics, to large conjugated

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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organic molecules. Here we present some of the representative
examples. More extensive results can be found in Section II
of the supplementary material.

1. Pentacene

We investigated the convergence behavior for acenes
from naphthalene to pentacene. The PBE reference was
used. As a general remark, by inspection of the plots of
excitation energies vs. the number of active orbitals, only
4–6 active orbitals are needed in the occupied and virtual
space for the full ppRPA excitation energies to be accurately
reproduced (<0.05 eV). It should also be pointed out that as
the number of benzene rings increases from 2 (naphthalene)
to 5 (pentacene), the number of active orbitals needed does
not seem to increase correspondingly (Section II A 1 of the
supplementary material). Thus our claim for the O(K4) scaling
remains valid as system size increases.

For pentacene (Figure 1), when the number of active
orbitals is small, the excitation energy for the double excitation
1Ag deviates more significantly than the single excitations.
But as the number of active orbitals increases, the excitation
energies of all three states converge to the full ppRPA results
rapidly. The same is also true for the other acenes (see
supplementary material). In terms of the computational time
(see Table I for a summary of all the systems presented in
Section IV A), the Davidson diagonalization of the full ppRPA
matrix took 1.15 × 105 s on a single CPU (Intel® Xeon® E5-
2620 v3 at 2.40 GHz 64-bit, same for all calculations).
The converged active-space ppRPA with 6 active occupied
orbitals and 6 active virtual orbitals only took 3.31 × 103 s,
only 2.9% that of the full ppRPA. With 6 active orbitals
in both the virtual and the occupied space, the active-
space ppRPA excitation energies for the 3B2u, 1B2u, and 1Ag

states are 0.744 eV, 2.072 eV, and 2.220 eV, respectively, in
excellent agreement with the full ppRPA values of 0.775 eV,
2.026 eV, and 2,234 eV. For benchmarking, the experimental
values for the 3B2u and 1B2u states are 0.86 eV49 and
2.21 eV,50 respectively, and the DFT-MRCI result for the
1Ag state is 2.52 eV,51 all in good agreement with our ppRPA
results.

2. Ca atom

We present the results for the Ca atom, among the alkaline
earth metal atoms Be, Mg, and Ca which we have investigated.
The HF reference was used.

As a general observation for alkaline earth metal
atoms, even with less than 5 active virtual/occupied orbitals,
the excitation energies of Be and Mg closely match the
full ppRPA results (Section II A 2 of the supplementary
material). For the case of Ca, 9 active virtual orbitals
and 3 active occupied orbitals are needed. This likely is
due to symmetry: For the Ca atom, the lowest unoccupied
orbitals include 5 degenerate d orbitals and 3 degenerate
p orbitals. Thus to preserve proper symmetry a whole set
of degenerate orbitals must be included/excluded as active
orbitals.

FIG. 1. Convergence of the active-space ppRPA excitation energies of pen-
tacene toward the full ppRPA results with respect to the number of (a) active
occupied and (b) active virtual orbitals. When converging the occupied space
in (a), a sufficient number (12) of active virtual orbitals were used so that
the virtual space is well converged. Then likewise when converging the
virtual space in (b), 6 active occupied orbitals were used so that the occupied
space is well converged. The straight solid lines stand for the full ppRPA
excitation energies and the line-and-scatter plots stand for the active-space
ppRPA excitation energies. The PBE reference was used. Notice that 1Ag is
a double excitation.

In terms of computational time (Table I), the Davidson
diagonalization of the full ppRPA matrix did not lead to
convergence for the Ca atom. The direct diagonalization of
the full ppRPA matrix took 2.92 × 104 s, while the converged
active-space ppRPA with 3 active occupied and 9 active virtual
orbitals took only 36 s, only 0.12% that of the full ppRPA.
The corresponding active-space ppRPA excitation energies
for the 3P, 3D, 1D, and 1P states are 1.634 eV, 2.958 eV,
2.907 eV, and 2.799 eV, in excellent agreement with the
full ppRPA predictions of 1.636 eV, 2.960 eV, 2.907 eV, and
2.801 eV. As benchmarks for our ppRPA results, the CR-EOM-
CCSD(T) results for the 3P, 3D, 1D, and 1P states are 1.79 eV,
2.54 eV, 2.74 eV, and 2.88 eV, respectively. The converged
results of the active-space ppRPA, as does the full ppRPA,
incorrectly predicts the energy ordering to be 1P < 1D < 3D
(Figure 2). Ironically, the unconverged results obtained with
only 6 active virtual orbitals and 3 active occupied orbitals

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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TABLE I. Summary of the computational times (in seconds) of the full ppRPA calculations and of the converged
active-space ppRPA calculations along with the percentage time of the active-space method. Unless otherwise
specified, the Davidson’s algorithm was used for the solution of the full ppRPA equation. The numbers of active
virtual and active occupied orbitals are also presented.

System Full ppRPA Active-space ppRPA # active virtual # active occupied Percentage time (%)

Pentacene 1.15 × 105 3.31 × 103 6 6 2.88
Ca atom 2.92 × 104a 36 9 3 0.12
PH+2 4.59 0.42 8 2 9.15
N2 2.60 × 104a 2.44 × 103 42 4 9.38
Thymine 2.07 × 104 324 3 12 1.57
Octatetraene 1.96 × 104 238 4 6 1.21

aThe Davidson’s algorithm failed to converge. The computational time for the direct diagonalization is presented.

yield the correct energy ordering for these four states. Thus
the validity of the active-space ppRPA results depends on the
quality of the corresponding full ppRPA results to which they
converge.

FIG. 2. Convergence of the active-space ppRPA excitation energies of the
Ca atom toward the full ppRPA results with respect to the number of (a)
active occupied and (b) active virtual orbitals. When converging the occupied
space in (a), a sufficient number (19) of active virtual orbitals were used so
that the virtual space is well converged. Then likewise when converging the
virtual space in (b), 3 active occupied orbitals were used so that the occupied
space is well converged. The straight solid lines stand for the full ppRPA
excitation energies and the line-and-scatter plots stand for the active-space
ppRPA excitation energies. The HF reference was used.

3. PH+2

Among the carbene-like diradicals, we present the results
for PH+2 (Figure 3) here. The excitation energies were

FIG. 3. Convergence of the active-space ppRPA excitation energies of PH+2
toward the full ppRPA results with respect to the number of (a) active
occupied and (b) active virtual orbitals. When converging the occupied space
in (a) a sufficient number (8) of active virtual orbitals were used so that the
virtual space is well converged. Then likewise when converging the virtual
space in (b) 2 active occupied orbitals were used so that the occupied space is
well converged. The straight solid lines stand for the full ppRPA excitation
energies and the line-and-scatter plots stand for the active-space ppRPA
excitation energies. The rCAM-B3LYP reference was used.
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evaluated at the 3B1 geometry. The rCAM-B3LYP Refs. 25
and 26 was used. The carbene-like diradicals are among the
systems that converge less well in terms of increasing numbers
of active orbitals. The Davidson diagonalization of the full
ppRPA matrix took 4.59 s, while the active-space ppRPA
with 2 active occupied orbitals and 8 active virtual orbitals
took 0.42 s, 9.2% of the full ppRPA computational time
(Table I).

The carbene-like diradicals including CH2, NH+2 , SiH2
(Section II A 3 of supplementary material), and PH+2 exemplify
systems for which a relatively large number of active orbitals
are required to converge the excitation energies to within
about 0.05 eV from the full ppRPA results. To understand
the effect of the size of the system on the convergence
behavior, a comparison between NH+2 (Section II A 3 b of
supplementary material) and PH+2 (Figure 3) shows that the
latter (2 occupied orbitals and 8 virtual orbitals) actually
converges better than the former (2 occupied orbitals and
30 virtual orbitals). In the same manner, SiH2 (2 occupied
orbitals and 8 virtual orbitals) converges better than CH2 (2
occupied orbitals and 12 virtual orbitals) (Section II A 3 c
of supplementary material). These observations suggest that
size of the system as measured in terms of number of orbitals
increases, and the convergence behavior tends to improve or
at least remains similar for these highly symmetric carbene-
like diradicals. Another consideration for highly symmetric
systems is that it might be helpful to include active orbitals
according to their respective irreducible representation. We
have currently, however, only ensured that a set of degenerate
orbitals are included/excluded as a whole, as discussed
in the case of the Ca atom where all five degenerate d
orbitals and 3 degenerate p orbitals should be considered
together. Nevertheless, this symmetry issue is expected to
be less important for larger systems with little or no spatial
symmetry.

4. N2

We investigated the convergence behavior of the valence
and Rydberg excitations of the N2 molecule (Figure 4). The
isoelectric CO molecule was also studied for the valence
excitations 3Π and 1Π with the PBE reference (Section II A 4
a of supplementary material). The HF reference was used for
N2.

In terms of the convergence with respect to the occupied
orbitals (Figure 4(a)), the excitation energies do not change
much after more than 3–4 active orbitals are included. The
convergence behavior of the valence excitations 3Πu and
1Πu is faster than that of the Rydberg excitations 3Σ+g,
1Σ+g, 1Πu and 1Σ+u. This observation indicates that when
multiple states are explored, the convergence quality of
different states can be different. Thus in order to achieve
reasonably converged results for all states of interest, it is
not sufficient to draw conclusions of the convergence of
other states based on the behavior of just one particular
state.

The convergence of the Rydberg excitation energies with
respect to the virtual space is very slow. Even with up
to 42 active virtual orbitals, the excitation energies of the

FIG. 4. Convergence of the active-space ppRPA excitation energies of N2
toward the full ppRPA results with respect to the number of (a) active
occupied and (b) active virtual orbitals. When converging the occupied space
in (a) a sufficient number (22) of active virtual orbitals were used so that the
virtual space is well converged. Then likewise when converging the virtual
space in (b) 4 active occupied orbitals were used so that the occupied space is
well converged. The straight solid lines stand for the full ppRPA excitation
energies and the line-and-scatter plots stand for the active-space ppRPA
excitation energies.

Rydberg states are still over 0.2 eV away from the full ppRPA
results. In contrast, the valence excitation energies 3Πu and
1Πu converge to within 0.1 eV away from the full ppRPA
results with only 4 active occupied orbitals and 8 active
virtual orbitals (Figure 4(b)). The direct diagonalization of the
full ppRPA matrix took 2.60 × 104 s (because the Davidson
method did not converge), and the active-space ppRPA with
4 active occupied orbitals and 42 active virtual orbitals took
2.44 × 103 s, 9.4% of the full ppRPA computational time
(Table I).

The poor-convergence cases we have observed for N2 are
due to the high symmetry in small systems. The larger systems
studied, although differing in their convergence quality,
generally do not pose significant challenges as encountered
in small systems. Thus we are optimistic about the robustness
of the active-space ppRPA for large molecules with little
symmetry.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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5. Thymine

Now we present thymine (Figure 5) among the
heterocycles that we have calculated. The B3LYP reference
was used.

The convergence behavior for heterocycles is good
in general. Except for cytosine and thymine where a
larger number of occupied orbitals are needed, the other
systems mostly converge to within <0.05 eV from the full
ppRPA results with 4–7 active orbitals in the occupied and
virtual space, respectively (Section II A 6 of supplementary
material).

Specifically for thymine, the active occupied orbital
convergence appears to be a bit slow (Figure 5(a)), so
that up to 12 orbitals are needed to achieve a <0.05 eV
convergence. But the convergence with respect to the virtual
space is rapid (Figure 5(b)), where a good convergence
is achieved even with just 3 active orbitals. In terms

FIG. 5. Convergence of the active-space ppRPA excitation energies of
thymine toward the full ppRPA results with respect to the number of (a)
active occupied and (b) active virtual orbitals. When converging the occupied
space in (a), a sufficient number (17) of active virtual orbitals were used so
that the virtual space is well converged. Then likewise when converging the
virtual space in (b), 12 active occupied orbitals were used so that the occupied
space is well converged. The straight solid lines stand for the full ppRPA
excitation energies and the line-and-scatter plots stand for the active-space
ppRPA excitation energies.

of the computational time, the Davidson algorithm took
1.12 × 104 s for singlets and 9.46 × 103 s for triplets with
the full ppRPA, while the active-space ppRPA with 12 active
occupied orbitals and 3 active virtual orbitals took 324 s
only (1.6% of the full ppRPA computational time), producing
both the singlet and the triplet results (Table I). We expect
that the active-space ppRPA to have similar convergence
behavior for larger systems with many aromatic rings. These
systems can be of practical interests for spintronics and
solar energy harnessing, especially when transition metals
are involved.

6. Octatetraene

Finally, the results of octatetraene are presented to
represent our investigation of conjugated alkenes (Figure 6).
The PBE reference was used. As a general remark, all

FIG. 6. Convergence of the active-space ppRPA excitation energies of oc-
tatetraene toward the full ppRPA results with respect to the number of (a)
active occupied and (b) active virtual orbitals. When converging the occupied
space in (a), a sufficient number (18) of active virtual orbitals were used so
that the virtual space is well converged. Then likewise when converging the
virtual space in (b) 6 active occupied orbitals were used so that the occupied
space is well converged. The straight solid lines stand for the full ppRPA
excitation energies and the line-and-scatter plots stand for the active-space
ppRPA excitation energies.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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conjugated alkenes studied appear to have a good convergence
behavior, achieving a convergence of <0.05 eV from the full
ppRPA results with only 4 to 6 active virtual and occupied
orbitals, respectively (Section II A 7 of supplementary
material).

Concerning octatetraene in particular, up to 4 active
virtual orbitals and 6 active occupied orbitals are needed
in order for the correct energy ordering to be reproduced,
presumably because the 3Ag and the 1Ag states are very close
in energy. Even so, the computational saving for this system
is still quite significant. The Davidson algorithm for the full
ppRPA took 1.96 × 104 s, while it only took 238 s (1.2%
of the full ppRPA computational time) with the active-space
ppRPA with 6 active occupied orbitals and 4 active virtual
orbitals (Table I). The conjugated alkenes serve as a prototype
for many chromophores of interest, for which the accelerated
and accurate ppRPA calculations of excitation energies are
expected to be highly desirable.

To summarize all the convergence tests, the performance
of the active-space ppRPA is in general robust for large systems
with little or no symmetry, exhibiting rapid excitation energy
convergence towards the full ppRPA results with respect to
the number of active orbitals. The computational time for the
active-space ppRPA can be reduced by up to two orders of
magnitude compared to the full solution, enabling excitation
energy calculations for large systems at a modest cost.

B. Singlet-triplet energy gaps of diradicals

Having established the robust convergence behavior of
the active-space ppRPA excitation energies, we now proceed
to several applications. We first consider the adiabatic and
vertical ST gaps of some diradicals calculated from the active-
space ppRPA. For benchmarking, the active-space ppRPA
results are compared with the full ppRPA, the (variational)
fractional-spin density functional theory ((V)FS-DFT) results
with the PBE approximation,34 and experimental results.

The experimental and theoretical adiabatic ST gaps for
several diatomic diradicals are presented in Table II. For these
systems, the (V)FS-PBE34 predictions are fairly close to the
experimental values,52 with a mean absolute error (MAE) of
only 3.4 kcal/mol. The full ppRPA results with the HF and
the rCAM-B3LYP25,26 references yield numbers of similar
quality, with the MAE being 4.1 kcal/mol and 2.1 kcal/mol
respectively. Even with only 2 active occupied and 2 active
virtual orbitals, the active-space ppRPA with the HF and

rCAM-B3LYP references are already capable of reproducing
the corresponding full ppRPA results to within about 1-
2 kcal/mol deviation for each system. Their corresponding
MAEs from the benchmark experimental values are only
3.1 kcal/mol and 2.7 kcal/mol, for the HF and the rCAM-
B3LYP references respectively.

Concerning the adiabatic ST gaps for carbene-like
diradicals (Table III), the overall performance in terms of
MAEs compared to the benchmark results is similar for
ppRPA and (V)FS-PBE for the lowest two singlet states. The
computed adiabatic ST gaps with the active-space ppRPA are
in general slightly blue-shifted compared to the full ppRPA
results. Particularly, the blue shift for the doubly excited 21A1
state appears to be greater in magnitude compared to those
for the 1A1 and the 1B1 states. This is in agreement with the
previous discussion on the active-space ppRPA convergence
behavior for carbene-like diradicals in Section IV A 3.

Then we examine the vertical ST gaps of some disjoint
diradicals (Table IV). Unlike the diatomic and carbene-like
diradicals, disjoint diradicals turn out to be particularly
challenging for the (V)FS-DFT method due to the huge
static correlation errors of conventional density functional
approximations.11,12,14 For ·CH2CH2CH2·, the HF reference
appears to produce better ST gaps for the full and the
active-space ppRPA, while for ·CH2HC(CH3)(CH2)3CH2·,
·CH2(CH2)4C(CH3)H·, and cyclobutadiene, the PBE reference
appears to be better. No single method considered here is able
to reproduce the negative ST gap for cyclobutadiene in the
Ref. 58. In general, the deviation of the active-space ppRPA
from the full ppRPA appears minimal for all systems consid-
ered here (<1 kcal/mol), due to the fast excitation energy
convergence with respect to the number of active orbitals for
these systems (Section II A 5 of supplementary material).

To summarize this subsection, we observe that the
active-space ppRPA yields good ST gaps as compared
to the benchmark results and the full ppRPA results.
By discarding the vast number of higher virtual orbitals
that are not important, our approach significantly reduces
the computational cost of ppRPA calculations without
deteriorating the quality of the predicted ST gaps.

C. Low-lying single and double excitations for some
small systems

Now consider some low-lying single and double
excitations for some small systems (Table V).

TABLE II. Adiabatic singlet-triplet gaps for diatomic diradicals. 2 occupied and 2 virtual active orbitals were
chosen for the active-space ppRPA calculations (unit: kcal/mol).

Expt52 ppHFa Active ppHFb pprCAM Active pprCAM (V)FS-PBE34

NH 35.9 31.0 32.8 36.1 37.6 41.1
OH+ 50.5 45.6 47.1 51.0 52.3 54.8
NF 34.3 28.3 29.9 28.2 29.3 34.0
O2 22.6 23.1 24.2 24.0 25.1 26.2
MAE 4.1 3.1 2.1 2.7 3.4

aThe full ppRPA results with the HF reference. The same notation is applied throughout the table.
bThe active-space ppRPA results with the HF reference. The same notation is applied throughout Table II active virtual and
occupied orbitals were chosen for the systems presented in this table.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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TABLE III. Adiabatic singlet-triplet gaps for carbene-like diradicals. In accordance with Section II A 3 of
supplementary material, to ensure good convergence, the following number of active orbitals was chosen: 2
occupied + 12 virtual for CH2; 2 occupied + 20 virtual for NH+2 and 2 occupied + 8 virtual for both SiH2
and PH+2 (unit: kcal/mol).

Reference 1a Reference 2b ppHFc Active ppHFd pprCAM Active pprCAM (V)FS-PBE34

CH2
1A1 9.0 9.7 4.0 4.6 6.6 7.5 15.7
1B1 31.7 32.5 25.0 25.6 29.0 29.4 36.2

21A1 58.3 41.5 44.7 48.3 52.1

NH+2
1A1 29.0 28.9 14.9 15.4 24.2 24.7 35.5
1B1 43.6 43.0 36.6 35.9 40.6 40.7 47.8

21A1 76.5 62.8 65.0 69.0 71.4

SiH2
1A1 −21.0 −20.6 −22.8 −22.0 −24.6 −23.8 −16.1
1B1 23.5 24.1 24.0 24.2 24.7 25.0 24.0

21A1 57.0 48.7 52.2 51.5 52.5

PH+2
1A1 −17.0 −18.3 −24.5 −23.7 −23.8 −22.9 −12.8
1B1 27.0 27.6 29.3 29.7 29.9 30.3 28.8

21A1 65.6 60.6 61.9 62.1 63.2

MAE1 5.6 5.4 3.4 4.6 4.2
MAE2 7.3 6.3 4.4 3.5

aFor CH2 the experimental values from Ref. 53 are taken. For NH+2 the MR-CI values from Ref. 54 are taken. For SiH2 the
experimental values from Refs. 55 and 56 are taken. For PH+2 the experimental values from Ref. 57 are taken.
bEOM-SF-CCSD(dT)/aug-cc-pVQZ results are taken from Ref. 32.
cThe full ppRPA results with the HF reference. The same notation is applied throughout the table.
dThe active-space ppRPA results with the HF reference. The same notation is applied throughout the table.

For N2 and CO, the active-space ppRPA with only 3
orbitals yield excitation energies that can be over 0.1 eV
lower than the full ppRPA results. However, improvements
are observed for N2 and CO when more active orbitals are
used. As pointed out previously (Section IV A 4), these
two systems, among some other small systems, appear to
have relatively slower convergence behavior with respect
to the number of active orbitals. In particular, for N2 up
to 42 active virtual orbitals are needed to achieve good
convergence for both the valence excitations and the Rydberg
excitations (Table VI). In terms of computational time, the
Davidson algorithm for N2 and CO failed to converge, and
the corresponding CPU times for the direct diagonalization
on a single processor are as follows: (1) for N2: 2.60 × 104 s

(full ppRPA with the HF reference) vs. 2.44 × 103 s (with
4 active occupied and 42 active virtual orbitals) and (2) for
CO: 9.26 × 104 s (full ppRPA with the B3LYP reference)
vs 77.5 s (with 7 active occupied and virtual orbitals),
1.38 × 105 s (full ppRPA with the PBE reference) vs
87.9 s (with 7 active occupied and virtual orbitals). By
increasing the number of active orbitals, the active-space
calculations reproduce the full ppRPA excitation energies for
the states of interest with less-than-0.1 eV errors. Despite
the relatively large number of active orbitals required to
achieve excitation energy convergence for these two systems,
the computation time for the active-space ppRPA remains a
tiny fraction of the time required to solve the full ppRPA
equation.

TABLE IV. Vertical singlet-triplet gaps for disjoint diradicals. 2 occupied and 2 virtual active orbitals were chosen
for the active-space ppRPA calculations (unit: kcal/mol).

References 32,
34, 58 ppHFa Active ppHFb ppPBE Active ppPBE (V)FS-PBE34

·CH2CH2CH2· 1.8 2.4 2.7 5.4 6.2 20.4 (1.0c)

·CH2HC(CH3)(CH2)3CH2· 1A1 0.0 0.0 0.0 0.1 0.1
21A1 145.5 79.9 80.1 159.2 159.4
31A1 150.1 80.6 80.8 162.0 162.1

·CH2(CH2)4C(CH3)H· 1A1 −0.2 −0.3 −0.3 0.4 0.4
21A1 131.1 66.1 66.2 139.8 139.9
31A1 144.3 78.3 78.4 152.3 152.5

Cyclobutadiene 1A1 −8.1 7.2 6.3 6.5 4.9 16.5 (0.5c)

aThe full ppRPA results with the HF reference. The same notation is applied throughout the table.
bThe active-space ppRPA results with the HF reference. The same notation is applied throughout Table II active virtual and
occupied orbitals were chosen for the systems presented in this table.
cThe numbers in round brackets indicate the optimal occupation numbers for (V)FS-PBE.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-145-006639
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TABLE V. Low-lying single and double excitations (unit: eV).

Term Refa ppRPA

N2 ppHF Active ppHF (3,3/4,42)b

3Πg 8.04 7.7819 7.5904 7.6645
1Πg 9.31 9.2578 9.1262 9.1806

CO ppB3LYP Active ppB3LYP (3,3/7,7) ppPBE Active ppPBE (3,3/7,7)
3Π 6.32 5.8436 5.6884 5.7894 5.8653 5.7139 5.7894
1Π 8.51 7.9922 7.9217 7.9801 7.9782 7.9082 7.9702

CH+ ppB3LYP Active ppB3LYP (3,3/3,8) pprCAM Active ppRCAM (3,3/3,8)
3Π 1.15 1.1558 0.9212 1.1034 1.2742 1.0355 1.2105
1Π 3.07 3.1746 2.9917 3.1815 3.2087 3.0217 3.2043
3Σ 5.0952 4.8792 5.1523 5.2545 5.0320 5.2705

BH ppHF Active ppHF (3,3/3,8) pprCAM Active ppRCAM (3,3/3,8)
3Π 1.27 1.6220 1.5129 1.6087 1.5015 1.3450 1.4475
1Π 2.85 3.1962 3.0880 3.1878 3.1051 2.9881 3.1010
3Σ 5.04 5.5147 5.3906 5.5431 5.2204 5.0867 5.2492

Mg ppHF Active ppHF (4,4)
3P 2.71 2.5694 2.5421
1P 4.53 4.2663 4.2414
3S 5.11 4.9914 4.9553
1S 5.39 5.2710 5.2511

aFor N2 and CO, the experimental values are taken from Ref. 59; for CH+ and BH the CR-EOM-CCSD(T)/cc-pVQZ results are taken from Ref. 24; for Mg the experimental results
are taken from Ref. 60.
bThe results for the active-space ppRPA with the HF reference. The number of active orbitals are given in brackets. The left column shows the results obtained with 3 active occupied
and 3 active virtual orbitals, and the right column with 4 active occupied and 42 active virtual orbitals. The same notation is applied for the other systems presented in this table.

For CH+ and BH, better convergence with respect to
active orbitals is observed. With 3 active occupied and 8
active virtual orbitals, the active-space ppRPA excitation
energies deviate from the full ppRPA results by less than
0.1 eV for all states of interest. Notice that even for the low-
lying double excitation 3Σ, the active-space ppRPA excitation
energies converge rapidly toward the full ppRPA results when
3 active occupied and 8 active virtual orbitals are used, for
both systems. Lastly, for the Mg atom, even with just 4 active
orbitals, all excitation energies are well captured.

In general, for the low-lying single and double excitations
of these small systems, both the full and the active-space

ppRPA reproduce the benchmark results in Refs. 24, 59, and
60 reasonably well.

D. Rydberg excitations

The Rydberg excitations of the Be atom and the N2
molecule are considered (Table VI). For the Be atom, all states
studied are well described by the ppRPA method with the HF
reference as compared to the benchmark results from Refs. 59
and 60. For these states highly satisfactory convergence is
achieved with even just 4 active orbitals, with deviations from
the full ppRPA less than 0.04 eV. On the other hand, the N2

TABLE VI. Rydberg excitations of Be and N2 (unit: eV).

Transition Term Refa ppHFb Active ppHFc TD-B3LYP59 EOM-CCSD59

Be (2,4/2,8) active orbitals
2s→ 6s 3S 8.82 8.7953 8.7647 8.7740
2s→ 6s 1S 8.84 8.8150 8.7864 8.7945
2s→ 6p 3P 8.89 8.8689 8.8393 8.8478
2s→ 6p 1P 8.90 8.8725 8.8430 8.8516
2s→ 6d 3D 8.93 8.9097 8.8795 8.8885
2s→ 6d 1D 8.96 8.9455 8.9256 8.9334

N2 (3,3/4,42) active orbitals
σg→ 3sσg

3Σ+g 12.0 10.7871 10.4827 10.5707 10.94 11.75
σg→ 3sσg

1Σ+g 12.2 11.0661 10.7832 10.8663 11.18 12.20
σg→ 3pπu

1Πu 12.90 11.6520 11.3400 11.4356 11.56 12.84
σg→ 3pσu

1Σ+u 12.98 11.6847 11.3837 11.4695 11.54 12.82

aFor N2 the experimental values are taken from Ref. 59; for Be the experimental results are taken from Ref. 60.
bThe full ppRPA results obtained with the HF reference.
cThe active-space ppRPA results obtained with the HF reference, with two different numbers of active orbitals, presented in the
left and the right columns below. For instance, for the Be atom, results with 2 active occupied and 4 active virtual orbitals are
presented in the left column, and results with 2 active occupied orbitals and 8 active virtual orbitals in the right column.
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molecule, as pointed out previously, has poorer convergence
behavior. There is a 0.1-0.2 eV excitation energy deviation for
the active-space calculations from the full ppRPA, even with
up to 4 occupied and 42 virtual active orbitals.

Regarding computational times, the ppRPA step of the
direct diagonalization of Be took 3.49 × 104 s, while the active-
space ppRPA calculations with 2 occupied and 4 virtual/2
occupied and 8 virtual active orbitals take only 11.7/34.0 s;
the direct diagonalization of N2 took 2.60 × 104 s (and the
Davidson algorithm failed to converge), while the active-space
calculations with 3 occupied and 3 virtual / 4 occupied and
42 virtual active orbitals take 20.0/2.44 × 103 s (on a single
CPU). Here because we are looking at high-lying Rydberg
excitations, the Davidson algorithm is really not expected to
save much time since we need to consider a large number of
roots, if they can converge at all. The computational savings
of the active-space ppRPA over the Davidson solution are
expected to be even more dramatic when the system size
becomes larger.

V. CONCLUSION

In this paper we have presented an efficient computational
method for calculating electronic excitation energies based on
the ppRPA. This method is featured by the selection of a given
number of active orbitals in the virtual and occupied space
as well as the neglection of the large number of high-lying
double excitation configurations which do not make significant
contributions. The convergence of the active-space ppRPA
excitation energies toward the full ppRPA results is rapid
with respect to the size of the active space. The consequent
computational savings for the study of singlet-triplet gaps,
low-lying single and double excitations, and high-lying
Rydberg excitations are significant, normally by a factor of
50–100, without sacrificing the computational accuracy. The
computational cost of this current implementation is O(K4),
less expensive than even a single SCF Hartree-Fock/DFT
calculation.

The accuracy of the active-space ppRPA depends on the
full ppRPA results to which it converges. Therefore, this
active-space approach will inherit all the advantages and
drawbacks of the full ppRPA. Thus just like the full ppRPA,
it is capable of capturing the missing low-lying double
excitations and making good predictions of singlet-triplet
gaps Rydberg excitations and charge transfer excitations.
This approach is expected to open up new possibilities for
the application of the ppRPA method to calculate excitation
energies of large systems.

SUPPLEMENTARY MATERIAL

See supplementary material for further computational
results.
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