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ABSTRACT: A multiscale model is developed to predict the equilibrium
structure of twisted bilayer graphene (tBLG). Two distinct, modified Moire ́
structures are observed. The breathing mode, stable at large twist angle, has small
amplitude (opposite sign) buckling of the two layers. The bending mode is
characterized by large amplitude (same sign) buckling of the layers. The latter
gives rise to a distorted Moire ́ pattern consisting of a twisted dislocation structure.
The relaxation of the Moire ́ structure reduces the symmetry and increases the
period of the tBLG. On the basis of these results, we derive a quantitative
analytical model for the angle dependence of the tBLG energy.
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Combining layers of 2D materials in particular sequences to
form multilayer structures provides an avenue for the

manipulation of mechanical and electronic properties and to
create heterostructure devices.1−4 Bilayer graphene (BLG) is
the simplest such multilayer structure. Perfect (unrotated)
graphene bilayers have AB/AC type stacking (in the usual
Bernal nomenclature5) that, if repeated, generate the graphite
crystal structure. However, in practice assembling individual
layers to form a bilayer rarely leads to perfect stacking; there is
commonly a small twist of one layer relative to the other.5 Such
twists modify the electronic structure.1,6,7

Because the bending rigidity of monolayer graphene sheets is
extremely small (κ ∼ 10−19J),8,9 BLGs can bend easily. In
twisted BLG (tBLG, one graphene sheet rotated with respect to
another by θ as shown schematically in Figure 1a), some layer
buckling is inevitable because a variety of stackings occur along
the twisted layers and the equilibrium interlayer spacing
depends on this stacking. For example, the AA stack spacing
is approximately 10% larger than the AB/AC stacking.10,11 Such
buckling had been observed experimentally12 and through
accurate first principle calculations.11 It is difficult to predict the
tBLG structure in the experimentally important small θ limit
based upon first-principles approaches because the requisite
simulation cell size is too large. Here, we present a multiscale
model to accurately predict the structure of twisted bilayers of
graphene (our approach is equally applicable to twisted and
misfitting bilayers of any type). Application of this approach to
tBLG shows the existence of two competing structures at small
θ and that the most stable structure is fundamentally different
from the widely assumed view that it is simple a Moire ́
structure. In particular, the newly discovered structure has both
different symmetry and period from the classical Moire ́
structure.

In tBLG, it is commonly assumed that the structures of the
individual graphene sheets are unperturbed by the weak van der
Waals (vdW) interlayer bonding (compared to the strong
covalent bond within the sheets) resulting in the formation of a
Moire ́ pattern,13,14 as shown in Figure 1c. The tBLG Moire ́
pattern consists of a periodic set of points representing the ideal
AB/AC stacking, separated by continuous regions of disregistry.
We use the grayscale map shown in Figure 1b to distinguish
regions with different stacking order in the Moire ́ pattern (see
Figure 1c), where the perfect AB/AC stacking is black/white.
The Voronoi tessellation of the perfect AB/AC stacking points
forms three sets of straight lines, each set corresponds to half-
integer level-sets of the relative displacements (in units of a0/
√3, where a0 is the lattice constant) between two layers along
the three ⟨1010̅⟩ directions. We can define those level-sets as
“line defects”. These “line defects” form a perfect triangular
lattice, the nodes of which correspond to AA stacking. The
period of the Moire ́ pattern superlattice L (i.e., the distance
between adjacent regions with identical stacking) depends on
the twist angle θ as L = a0/[2 sin(θ/2)] ≈ a0/θ (for small θ).

15

The Moire ́ pattern is a geometrical description of perfect
bilayers. However, such a bilayer structure only satisfies the
ideal AB/AC stacking at a discrete set of points (i.e., the black/
white regions in Figure 1c); hence the misfit energy is high. As
a result, the interactions between layers leads to atomic
relaxations that decrease the disregistry by increasing the areas
of (near) perfect AB/AC stacking albeit at the cost of graphene
layer distortion. The competition between the elastic
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(distortion) and misfit (disregistry) energy drives deviations
from the perfect Moire.́16,17 The in-plane relaxation leads to the
formation of a much sharper triangular dislocation network,
consisting of three sets of pure screw partial dislocations (with
Burgers vector: b1 = [0110 ̅]a0/3, b2 = [110 ̅0]a0/3 and b3 =
[1010 ̅]a0/3; blue, red, and magenta lines in Figure 1b) and
alternating domains of more nearly perfect AB and AC
stacking.13,17,18 As we demonstrate below, the “line defects”
in the Moire ́ pattern are not true dislocations because the
displacement fields have a uniform gradient everywhere,
whereas the “line defects” in the relaxed structure are true
dislocations with strain fields decaying exponentially away from
dislocation lines.8,13,19

Other studies have examined the structure of tBLGs based
on empirical potentials17 and first principle calculations
(LDA).11 These studies suggest that the two layers buckle in
opposite directions. Our approach is based upon a general-
ization of the Peierls−Nabarro model.8,20,21 We demonstrate
that two distinct equilibrium structures are possible: a breathing
mode and a bending mode. We determine the structural
features for both structures including the nature of buckling and
the geometry of the dislocation network. We find that in the
breathing mode (stable at large twist angles), the dislocations
are straight and the structure is very similar to the unrelaxed
Moire ́ pattern. However, at small twist angles (where the
dislocations are widely separated) the bending mode is favored
and is characterized by a twist in the dislocation structure near
the dislocation nodes (AA stacking) and that the amplitude of
the buckling at the nodes is large.

In our approach, the deformation of the bilayer system is
described by the displacement vector field of each individual
layer, that is, {u1+, u2+, f+}/{u1−, u2−, f−} for the upper/lower
layers, respectively, where (u1, u2) is the in-plane displacement
field (along the x1 and x2 direction, respectively) and f is the
out-of-plane displacement. The total energy of the bilayer
system consists of the elastic energy Ee (stored in each
individual layer) and the misfit energy Em, which describe the
interactions between the two layers and is a function of the
relative separation and disregistry between layers, that is, Et = Ee
+ Em. The equilibrium bilayer structure is obtained by
minimizing the total energy with respect to all six displacement
fields: u1±, u2±, and f±, that is, obtained by evolving ∂ui±/∂t =
−δEt/δui±, ∂f±/∂t = −δEt/δf± until convergence (for i = 1, 2).
See ref 8 for more details. Ee contains contributions from both
in-plane stretching and out-of-plane bending. The misfit energy
Em is associated with the vdW interactions between the layers,
which we accurately described by the generalized stacking-fault
energy (3D GSFE)22 determined from accurate DFT
calculations.10 The out-of-plane bending not only affects the
local strain in each layer but also alters the local relative
displacements between the buckled layers.8,10,12

We apply periodic boundary conditions in both the x1 and x2
directions and ensure that no external stress acts on the tBLG
(i.e., it is self-equilibrated). The graphene elastic constants used
in the simulations are C11 = 312.67, C12 = 91.66, and C44 =
110.40 J/m2 and the bending constant κ = 2.208 × 10−19 J; the
3D GSFE was determined in ref 10 based upon ab initio
calculations using the ACFDT-RPA.23 The numerical simu-
lation were performed using a cell of size Lx =√3a0/θ and Ly =
a0/θ; this corresponds to two Moire ́ patterns unit cells per
calculation cell. The x1 and x2 directions are [121 ̅0] and [1010 ̅],
respectively.
We note that two different, stable tBLG structures can be

obtained depending on the initial conditions used when
relaxing the structures as shown in Figure 2. The first is the
breathing mode, where the top and bottom layers buckle out-
of-plane in opposite directions at the AA nodes. Examination of
Figure 2a1,a2 shows that the breathing mode is of very small
amplitude ∼±0.12 Å. Figure 3a2 and b2 show that the
dislocations in the breathing mode (determined by the relative
displacement field) are straight and of pure screw character, just
like in the unrelaxed Moire ́ pattern (see Figure 3a1). The
bulges occur at the dislocation nodes and corresponds to the
AA stacking. We note that the equilibrium spacing between a
pair of unrotated graphene sheets is ∼0.25 Å larger in the AA
stacking compared with the AB/AC stacking;10 hence, this
small amplitude buckling on rotation is not surprising.
In the breathing mode, there is a 6-fold symmetric, small-

amplitude, peak−valley structure around the AA stacking
nodes, which can be seen by comparing the color contrast
near the AA stacking node (orange for positive f and dark green
for negative f) in Figure 2a2. This 6-fold peak−valley structure
suggests a small rotation of the two layers relative to each other
away from the AA stacking toward the AB/AC stacking which
lowers the misfit energy and allows the layers to be closer
together, as seen in Figure 2c1. It is interesting to note that the
fully atomistic simulation results for free-standing tBLG17 show
a similar 6-fold peak−valley structure (see Figure 8 in their
paper). The qualitative agreements between our continuum-
based model and their atomistic simulations demonstrate that
our model provides an accurate description of tBLG.

Figure 1. Unrelaxed tBLG structure for θ = 6.6°. (a) The upper/lower
graphene monolayer (blue/red carbon sp2 bond network) is twisted by
±θ/2 respectively. (b) The tBLG structure where the white/black
shading indicates perfect AB/AC stacking separated by continuous
regions of different grayscale levels indicating the degree to which the
stacking is closer to AB or AC (based on the relative displacements u
between the two layers). The blue, red and magenta lines indicate the
Burgers vectors of the partial dislocations separating these regions and
the vertices where six partial dislocation lines meet correspond to the
AA stacking. (c) The Moire ́ pattern formed by stacking two perfect
graphene monolayers.

Nano Letters Letter

DOI: 10.1021/acs.nanolett.6b02870
Nano Lett. 2016, 16, 5923−5927

5924

http://dx.doi.org/10.1021/acs.nanolett.6b02870
http://pubsdc3.acs.org/action/showImage?doi=10.1021/acs.nanolett.6b02870&iName=master.img-001.jpg&w=239&h=232


The second type of stable, relaxed tBLG structure is the one
we refer to as the bending mode relaxation, where both layers
bulge up/down at AA node, as seen in Figure 2b1. For a tBLG
with θ = 0.83°, the upward bulge is +1.802 Å for the upper
layer and +1.557 Å for the lower layer, and if the bulge is
downward the heights for the upper and the lower layer are
simply inverted (i.e., replace + with −). This buckling
amplitude is more than an order of magnitude larger than
the buckling amplitude in the breathing mode. Interestingly, the
maximum interlayer spacing occurs at the AA stacking node; it
is 0.25 Å larger than the equilibirum interlayer spacing for the
ideal AB/AC stacking and is nearly identical with that seen for
the perfect AA stacking10 (see Figure 2c2). More interestingly,
however, is that the interlayer spacing profile in the breathing
and bending modes are nearly identical despite the order of
magnitude difference in the bending amplitude. This
demonstrates that the out-of-plane separation is determined
more by the interaction between layers than by the buckling
mode (elastic bending energy).
The dislocation network structure in the bending mode can

be seen in Figure 3a3. In the bending mode, the partial

dislocations near the vertex (i.e., AA node, where three partial
dislocations intersect) have either a clockwise or counter-
clockwise twist. The sign of the dislocation network twist is
perfectly correlated with the sign of the bulge, that is, if the
bulge buckles upward, the dislocations in the vicinity of bulge
twist clockwise (the sign is as seen in Figure 3a3). The
relationship between the dislocation network twist and the
bulge also applies to the breathing mode, that is, there is no
observable twist and almost no bulge. It is interesting to note
that when θ increases, the spacing between AA nodes decreases,
yet the partial dislocation twist near the node remains nearly
unchanged. This is seen explicitly in Figure 3c, where we plot
the partial dislocation structure near the node for three different
values of θ for the tBLG. This suggests that the twist of the
dislocation structure near the AA node is associated with the
local relaxation of the AA node core rather than its long-range
elastic field. The radius of this twisted node core region is ∼4
nm for all θ. It is interesting to note that this radius is nearly
equal to the core size of a pure screw partial dislocation in
BLG,8 suggesting that the size of the node core is formed from
overlapping the cores of three sets of partial dislocations as they
approach the AA stacking node.
The “line defects” (half-integer level-sets of the relative

displacements) are true dislocations in the breathing and
bending mode structures. This can be seen from Figure 3b2,b3
where we see that the von Mises strain (second invariant of the
strain tensor) is localized around the dislocations lines and
decay rapidly8,13,19 away from these lines. A more complete
description of the individual components of the strain field is
shown in the Supporting Information for both the upper and
lower graphene layers. On the other hand, the strain profiles in
the Moire ́ structure (Figures 3b1), where no relaxation occurs,

Figure 2. (a1,b1) The out-of-plane displacement profiles f± of the top
and bottom graphene layers (the separation between layers is
exaggerated for clarity) for the breathing mode and bending mode,
respectively, for θ = 0.83°. (a2,b2) Contour plots of f± for both layers.
The blue, red, and magenta curves represent the partial dislocation
lines with Burgers vectors [0110 ̅]a0/3, [110̅0]a0/3 and [1010 ̅]a0/3,
respectively. (c1,c2) The relative displacement between two layers for
both buckling modes. The color bars indicate magnitude.

Figure 3. Twisted BLG structure. (a) Dislocation network and
stacking order for θ = 0.83°. The blue, red, and magenta curves
represent three partial dislocations. (b1−3) The contour plot of the
von Mises strain (second invariant of the strain tensor) in the upper
layer for three configurations, respectively. (c) Comparisons of the
dislocation network structure near one AA stacking node (at the
origin) with clockwise twist for different twist angle θ.
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are uniform everywhere, that is, there is no strain localization in
the perfect Moire ́ structure and hence the half-integer level-sets
of the relative displacements are not actually dislocations
(Figure 3a1). While the twist at the AA stacking node is easily
seen in the bending mode dislocation structure (Figure 3a3), it
is not easily discerned in the rotational invariant of the strain
tensor (von Mises strain), Figure 3b3. Yet, the clockwise and
counterclockwise nature of the two AA stacking node twist may
be discerned by the difference of the magnitude of the von
Mises strain in the upper graphene layer at these points.
The buckling mode depends on how the vertex relaxes the

large misfit energy associated with the AA stacking. Because the
vertex is geometrically constrained to be perfect AA stacking,
relaxation can occur in the AA node vicinity by shifting the
atoms from the perfect AA stacking toward an AB/AC stacking.
There are two possible paths to accomplishing this: the first is
rotating one layer with respect to the other about the vertex
(see the illustration in the inset to Figure 4a). This relaxation

generates a rotational relative displacement field around the
central of vertex (see the vectors in Figure 4a). In this case, the
buckling is due to the differences of the relaxed interlayer
spacing between the AB/AC stacking and the AA stacking; the
small value of the difference in this separation (∼0.25 Å) leads
to the small elastic bending energy (as shown in Table 1). The

second is by radially compressing/expanding the two layers
with respect to each other (i.e., the radial deformation indicated
by the left image in the inset to Figure 4b or seen in the
nonzero divergence of the displacement field in Figure 4b).
This allows the atoms in the neighborhood of the vertex to
deviate from the perfect AA stacking, as indicated schematically
in the inset of Figure 4b. While this radial deformation is high
energy in the flat configuration (due to the large in-plane
stiffness), it is relatively low energy if it is accompanied by the
formation of a bulge. We recall that elastic bulging or bending
of a plate geometrically requires compression of one layer and
extension of the other. However, because sliding between vdW
bonded layers is very easy, these strains are relaxed producing
almost no stretching energy in these layers (think of sliding

between a pair of sheets of inextensible bent paper). In the
bending mode, the second path (radial displacement, see the
inward component of the displacement field in Figure 4b) is
combined with the first (rotation) to greatly relax the interlayer
misfit energy at the expense of a small bending energy, as seen
in Table 1.
The dislocation network for tBLG in the breathing mode (or

Moire ́ pattern) consists of three sets of pure screw dislocations
(see Figure 3a1 or a2). In the bending mode, the AA nodes
relax by the radial compression/expansion of the sheets near
the AA node. Such a mismatch in the local lattice parameter
between the sheets is akin to what happens when a film is
grown on a substrate with a slight mismatch in lattice
parameter. As is well-known, this mismatch can be relaxed by
the formation of a 2d array of edge dislocations. In the bending
mode of the tBLG, this misfit can be relaxed by adding an edge
dislocation component to the screw dislocation network
generated by layer rotation. In the present case, the edge
dislocation-like relaxation of the compression/expansion is
accommodated by rotating the dislocation line direction away
from the pure screw orientation to have a finite edge
component (while the Burgers vector does not change). This
is the source of the twisted dislocation line structure in the
bending mode relaxation, that is, the Moire ́ with a twist.
Reversing the sign of the bulge simply reverses the sign of the
twist near the AA node. We note that far away from the AA
node, the dislocation network reverts to its pure screw
(straight) form.
While monolayer (and AA stacking bilayer) graphene has

layer symmetry p6/mmm, AB/AC stacked BLG is p3̅m1. For
the unrelaxed tBLG Moire ́ structure, the highest possible
symmetry (holosymmetry) is p622. The breathing mode
relaxation of the perfect Moire ́ structure has exactly the same
symmetry. On the other hand, the bending mode structure has
the lower p21212 symmetry (the symmetry group order is 4,
while that of the monolayer/Moire ́ bilayer is 24/12). The
bending mode structure has a period two times larger than the
classical Moire ́ or breathing mode structure and a rectangular
unit cell. These changes in symmetry will profoundly affect the
electronic and vibrational properties of these bilayer systems.
We note that because the interactions between bulges are very
weak (small θ), other metastable bending mode structures with
upward and downward bulges distributed differently along the
tBLG are likely (the density of up and down bulges should be
equal such that the strain within each layer is small).
The energy density of the bending mode structure (γbe)

increases as θ increase (see Figure 5). When θ is larger than

Figure 4. Relative displacement fields around a vertex from our results
for (a) the breathing mode and (b) the bending mode. We choose a
clockwise twist node as an example. The inset in (a,b) demonstrates
how the AA node is relaxed to generate a corresponding relative
displacement field.

Table 1. Energy Density in Two Buckling Structures for θ =
0.83° (mJ/m2)a

buckling mode Em Es+ Eb+ Es− Eb− Et

breathing 11.03 3.73 0.00 3.73 0.00 18.49
bending 10.60 3.71 0.18 3.71 0.18 18.38

aEm, Es±, and Eb± are the misfit, stretching, and bending energies in the
upper(+)/lower(−) layers.

Figure 5. Energy density of the bending mode structure γbe and the
energy density differences between the bending and the breathing
mode (red dots).
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∼2.5°, both layers have little in-plane deformation and the total
energy is almost equal to the misfit energy of the tBLG with a
perfect Moire ́ pattern. The energy of the perfect Moire ́ pattern
tBLG is exactly equal to the energy found by averaging over the
entire 3D GSFE (∼36.3 mJ/m2; i.e., the dash line in Figure 5).
The energy density differences between the breathing mode
structure (γbr) and the bending mode structure (Δγ = γbr − γbe)
is relatively small (see the red dots in Figure 5). However, we
can still find that the breathing mode structure is metastable
when θ is small and the bending mode structure is metastable
when θ becomes large. The critical angle (where the two
structure have the same energy) is θc ∼ 1.6°. We can
understand this critical angle by recognizing that the dislocation
twist in the bending mode structure is a core effect and that
dislocation (and node) cores are very wide in BLG, d ∼ 4.5 nm.
The cores overlap when the AA nodes are separated by 2d. The
spacing between nodes in the tBLG is a0/θ; hence, θc ∼ a0/2d
= 1.53° which is ∼1.6° found from Figure 5. The Supporting
Information provides a brief discussion of to what extent the
core width depends on the twist angle.
Because the core region of twisted dislocation node structure

in the bending mode is independent of θ, we should expect that
the node energy is independent of θ, Enode, and the total energy
per primitive Moire ́ cell is the energy of one twisted AA node
and the energy of the pure screw partial dislocation lines that
connect the nodes
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This equation is valid for θ ≤ θc = 1.53°. By fitting to the
simulation data, we find Enode = 160 × 10−20 J in the bending
mode tBLG. As shown in Figure 5, this analytical description of
the variation of the tBLG energy with respect to θ is in
excellent agreement with the results of the detailed calculations
presented above.
Our continuum-based model, including graphene deforma-

tion and first-principles informed graphene−graphene layer
interactions, demonstrates that twisted bilayer graphene is not
simply a perfect Moire ́ pattern, as widely assumed, but rather is
a relaxed Moire ́ pattern with bulges and twisted dislocation
structures. There are two distinct relaxation modes, breathing
and bending. The bending mode structure is equilibrium at
small twist angles. The relaxation of the Moire ́ structure
modifies the symmetry and period of the tBLG. The variation
of the tBLG energy with θ was accurately captured using a
simple analytical model.
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