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ABSTRACT
The ground-state density and energy of electrons in a spin-independent external potential are
described exactly in principle by two related theories, density functional theory (DFT) and spin-
density functional theory (SDFT), differing only in their use of the total density versus the up- and
down-spin densities. With semilocal approximations to the exchange-correlation energy, the atom-
isation energies of molecules improve remarkably as we satisfy more exact constraints in SDFT, but
not in DFT. We explain why only SDFT is amenable to semilocal approximation in spin-polarised sys-
tems such as typical open-shell atoms, and point out the historical importance of SDFT in chem-
istry. In spin-unpolarised systems, for which DFT and SDFT are equivalent, both theories are nor-
mally amenable to semilocal approximations which improve as more exact constraints are satisfied
(predicting better equilibrium structures, energies, and energy differences).

From a modest beginning [1,2], the density functional
theory of Hohenberg, Kohn and Sham has grown up
to be the most widely-used method of electronic struc-
ture calculation in physics, chemistry, and materials sci-
ence. The Kohn–Sham version [2], which treats the non-
interacting kinetic energy exactly via orbitals and often
makes a computationally-efficient semilocal approxima-
tion to the exchange-correlation energy, is a practical
way to achieve useful accuracy even for large systems,
long simulation times in molecular dynamics, and high
throughput searches for materials with desired physical
properties.

The eternal mystique of density functional the-
ory (DFT) is that it is in principle (although not in

CONTACT John P. Perdew tuf@temple.edu

practice) exact for the ground-state energy and elec-
tron density. The ‘existence theorem’ for the exchange-
correlation energy as a functional of the density inspires
the search for ever more accurate approximations, based
for example on nonempirical constraint satisfaction or
empirical fitting.

Two versions of the exact theory, DFT and spin-
density functional theory (SDFT), were presented in the
work of Kohn and Sham 1965 [2], and SDFT was fur-
ther developed by von Barth and Hedin 1972 [3]. (1) If
the external potential is a spin-independent multiplica-
tion operator v(r), then the needed exchange-correlation
energy Exc[n] is a functional of the total electron den-
sity n(r). DFT predicts total energy and n(r) (2). If the
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external potential vσ (r) depends upon the z-component
of an electron’s spin σ (↑ or ↓), then Exc[n↑, n↓] is a
functional of the spin-up electron density n↑(r) and spin-
down electron density n(r). SDFTpredicts the total energy
and the spin densities n↑(r) and n↓(r).

Since a spin-independent external potential is a spe-
cial limit of a spin-dependent one, SDFT is the more
general theory, and the one more widely used. For
atoms, molecules and solids in the absence of external
magnetic fields, both exact theories are valid. They are
however equivalent only for spin-unpolarised densities
(n↑ = n↓ = n/2). There are cases in which these theo-
ries, although both exact, are not equivalent. An example
is the Li atom in the absence of an external magnetic field.
For such cases, DFT and SDFT deliver the exact ground-
state energy and total density, but only SDFT delivers the
exact spin densities [4]. Moreover, for such cases, semilo-
cal approximations to the exchange-correlation energy
can perform very differently in DFT and SDFT. It is this
last difference that will most concern us here. The earliest
semilocal functional was the local density approximation
(LDA) [2]

ELDA
xc [n] =

∫
d3rnεunifxc (n), (1)

where εunifxc (n) is the known exchange-correlation energy
per electron of a spin-unpolarised electron gas of uni-
form density n. The local spin density approximation
(LSDA) [2.3] replaces the last factor in the integrand by
εunifxc (n↑, n↓). Tong 1972 [5] made an early LDA calcula-
tion of the cohesive energy ofmetallic sodium (the energy
per atom to convert the solid to a vapour of atoms), and
found a value 23% bigger than the experimental value.
Gunnarsson, Lundqvist, and Wilkins 1974 [6] made an
LSDA calculation, and found an error of only 4%.

Many chemists initially rejected SDFT because even
the LSDA atomisation energies of molecules showed
unacceptable errors. In the 1990s, generalised gradient
approximations (GGA) and hybrids of GGA with exact
exchange reduced the atomisation energy errors to an
acceptable level, and large numbers of chemists began
to embrace SDFT, which had previously been of interest
mainly to solid state physicists.

The nonempirical way to go beyond LSDA is to con-
struct GGA’s and meta-GGA’s by satisfaction of more
exact constraints. This is the path from the local approxi-
mation [7] to the Perdew-Burke-Ernzerhof (PBE) GGA
[8] and then to the strongly constrained and appropri-
ately normed (SCAN) meta-GGA [9]. Each approximate
spin-density functional Eapprox

xc [n↑, n↓] yields a density
functional Eapprox

xc [n/2, n/2]. In Table 1, we present the
mean absolute errors for the atomisation energies of the
G3 molecules [10] for the local, PBE GGA, and SCAN

Table . Mean absolute errors for the atomisation
energies of molecules, in DFT and SDFT.

SDFT MAE (kcal/mol)
Data set LSDA PBE GGA SCANmeta-GGA

G- () . . .
G- () . . .
G- () . . .
G () . . .

DFT MAE (kcal/mol)

Data set LDA PBE GGA SCANmeta-GGA
G- () . . .
G- () . . .
G- () . . .
G () . . .

Table . Exchange, correlation, and exchange-correlation
energies for the hydrogen atom, in SDFT and DFT.

SDFT (Hartree)
Energy LSDA PBE GGA SCANmeta-GGA exact

Ex −. −. −. −.
Ec −. −. −. −.
Exc −. −. −. −.

DFT (Hartree)

Energy LDA PBE GGA SCANmeta-GGA exact
Ex −. −. −. −.
Ec −. −. −. −.
Exc −. −. −. −.

meta-GGA functionals, first in SDFT and then in DFT.
These calculations were performed using the Gaussian
code [11] with the 6-311++G(3df,3pd) basis set and the
pruned (99,590) grid (ultrafine).

In Table 1, all DFT and most SDFT atomisation ener-
gies are overestimated. The too-high DFT atomisation
energies arise from too-high atomic energies, since the
DFT and SDFT energies are the same for most of the
molecules of the G3 set. Table 2 shows a detailed break-
down for the hydrogen atom. Clearly the addition of
exact constraints in DFT cannot make up for the bad
start of LDA for this atom. Moreover, some of the exact
constraints and appropriate norms satisfied by SCAN in
SDFT (e.g., exact correlation energy for all fully spin-
polarised one-electron densities; exact exchange energy
for the fully spin-polarised hydrogen atom) are necessar-
ily lost in DFT.

The first thing to note about Table 1 is that, with a
given functional, the mean absolute errors increase from
the G3-1 subset of 55 molecules to the G3-2 subset of 93
molecules to the G3-3 subset of 75 molecules, reflecting
the growth in the average number of atoms per molecule
from one subset to the next. The atomisation energy is an
extensive property.

The next thing to note about Table 1 is that the atomi-
sation energy errors in SDFT decrease very rapidly from
LSDA to PBE to SCAN, as more exact constraints are
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applied. SCAN in fact satisfies all 17 exact constraints that
a semilocal functional can satisfy [9].

The last thing to note about Table 1, and the main
point of this investigation, is that in DFT the errors start
out large in LDA, then they decrease moderately in PBE,
and finally they increase again in SCAN, while remaining
smaller than those of LDA.

What is the explaination for the trends found in
Table 1? Clearly it must be that, for a spin-polarised sys-
tem like a typical open-shell atom, SDFT is much more
amenable to semilocal approximation than DFT. The
usual explanation (e.g., Ref. [12]) is that there is more
information in n↑ and n↓ than in n. And that is correct,
but we can even see how that information is put to work:
The density of the exchange hole on top of its electron
is exact in LSDA and higher-level spin-density function-
als, and the density of the on-top correlation hole is rea-
sonably accurate in weakly-correlated systems [13]. But
neither is true in LDA and higher-level density function-
als. Unsurprisingly, the existence of an exact density func-
tional is not by itself enough to guarantee that this func-
tional has a semilocal approximation that is useful for any
given situation.

Because SCAN satisfies many more exact constraints
than the local approximation does, it improves upon the
atomisation energies. This improvement is dramatic in
SDFT, which is amenable to semilocal approximation (at
least for atoms and for many molecules near equilibrium,
where the exact exchange-correlation hole remains close
to its electron [9]).

But why does PBE (which satisfies fewer exact con-
straints than SCAN) improve the DFT atomisation ener-
gies over the local approximationmore than SCAN does?
This can only be a more right answer for a more wrong
reason, andwe can also identify that wrong reason:When
PBE was constructed, the tight bound [14] on the exact
exchange energy of a two-electron density,

Eexact
x ≥ 1.174ELDA

x [n], (2)

was unknown. This constraint is respected (for all spin-
unpolarised densities) by LDA and by SCAN, but not
by PBE, in which the exchange energy is bounded from
below only by 1.804ELDA

x [n]. The too-large exchange
enhancement in PBE at large reduced density gradi-
ents, which leads to a violation of the constraint of
Equation (2), is able to lower the DFT energy of an atom
relative to that of a molecule more than SCAN can.

Typical open-shell atoms are spin-polarised, while typ-
ical molecules are spin-unpolarised. The typical bind-
ing energy curve of a molecule is, thus, seriously wrong
in semilocal DFT, but not so wrong in semilocal SDFT,
where a spin-symmetry breaking occurs at a critical bond

length [15], leading to spin-polarised atoms (or for dis-
similar atoms to spin-polarised atomic fragments [16])
at large internuclear separation. This spin-symmetry
breaking is needed to make the computationally-efficient
semilocal functionals work.

The spin-symmetry breaking, which can occur for
semilocal functionals even at equilibrium (as in Cr2 [17–
19]), is in a way a reflection of ‘strong correlation’. The
deepened on-top exchange hole density in a symmetry-
broken system can mimic the way electrons avoid one
another due to strong Coulomb repulsion [17,18]. The
Cr2 ground state is a closed-shell singlet, so the spin den-
sities predicted by semilocal approximations in SDFT are
in this case spurious, although the binding energy even in
LSDA is remarkably good.

But, we can re-interpret the semilocal SDFT predic-
tion as one for the total density and on-top pair den-
sity [17,18], opening the door to a way to use SDFT cor-
relation functionals to correct the energies of correlated
wavefunctions that are linear combinations of a few dom-
inant Slater determinants [20–23].

Spin-symmetry breaking is sometimes derogatorily
called ‘spin-contamination’, but it is necessary even in
exact SDFT since the Kohn–Sham (KS) auxiliary wave-
function is a single Slater determinant, and ‘a KS deter-
minant (for a radical or triplet), which is not spin-
contaminated, is wrong’, because it cannot reproduce the
exact spin densities predicted by a nearly-exact correlated
wavefunction. This important fact was pointed out by
Pople, Gill and Handy 1995 [4].

In summary, the computationally-efficient semilocal
approximations, including the newSCANmeta-GGA [9],
need to be implemented in a self-consistent spin-density
functional theory which allows for spin-symmetry break-
ing, since only SDFT is amenable to semilocal approxima-
tion of the exchange-correlation energy.

There was a great historical and scientific significance
in the adoption of density functional theory by many
chemists, starting in the 1990s. Much of the chemical
interest was initially driven by the improvement in atomi-
sation achieved byGGAs and hybrid functionals in SDFT.
This transformation might not have occurred at all with-
out SDFT. Nowadays, chemists have much larger and
richer data-sets, and we all know that ‘density function-
als should not be judged primarily by atomisation ener-
gies alone’ [12,23–26]. A systematicway to correct density
functionals has been proposed by Savin 2014 [27].
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